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1. INTRODUCTION 
In [9], D. J. S. Robinson showed that Aut G, the group of 
automorphisms of a group G, cannot be an infinite Cernikov group. A 
natural question therefore arises as to whether Aut G can ever be an 
infinite, periodic divisible-by-finite group. Here, and throughout this paper, 
we shall call a (multiplicative) group A divisible, if A is abelian and every 
element of A has an n th root for every natural number n. 
It is shown in [2] that some infinite divisible groups occur as 
automorphism groups of abelian groups and further examples of divisible- 
by-finite automorphism groups are given in this paper. However, our main 
result establishes the following generalization of [9, Theorem A]: 
THEOREM A. If G is a group such that Aut G is a periodic divisible-by- 
finite group, then Aut G is finite. 
The proof of Theorem A given below relies heavily on a recent paper of 
Martin R. Pettet [7], to whom we are indebted for sending us preprints of 
his work. In particular, his theorem on “divisible sections,” given as 
Proposition 2.1 below, allows us to keep the cohomology to a minimum. 
We shall also need the following lemma, which may be of some inde- 
pendent interest. 
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LEMMA 3.1. If G is a divisible-by-finite group and H 4 G, then H/Z(H) 
is also divisible-by-finite. Furthermore, if R is the finite residual of G, then 
[R, Z(H)] = 1. Here, Z(H) denotes the centre of H. 
Some comments on the layout of this paper are in order. In Secton 2 we 
state the results we require from [7] for the convenience of the reader. In 
Section 3 we prove Lemma 3.1 and in Section 4 we obtain a number of 
lemmas which lead to the main result. Finally, in Section 5 we give the 
examples promised earlier. We shall use numerous elementary facts about 
the functor Horn which can be found in [3], including the fact that if A 
is a central subgroup of a group G, then Hom(G/A, A) can be identified 
with the group of automorphisms of G that act trivially on both G/A and 
A. We shall frequently make this identification and view Hom(G/A, A) as 
a subgroup of Aut G, abusing notation in a harmless manner. Also, we 
often use the fact that if a divisible group acts on a finite group, then the 
action is trivial and that a divisible subgroup of a bounded group is trivial. 
2. PETTET'S RESULTS 
Pettet’s paper [7], is a cohomology-free generalization of [9]. It is 
appropriate for us to state here the results from this paper that we shall use 
below. 
Pettet calls a group G strongly bounded if there is a function fG(m) such 
that every m-generator subgroup of G is finite of order bounded byIfc(m). 
Thus, every strongly bounded group is locally finite of finite exponent. 
For an arbitrary group G we shall let Z,(G) denote the nth term of the 
upper central series of G. 
The results we require are as follows. 
PROPOSITION 2.1 [7, Proposition 5.51. Suppose that G/Z(G) is periodic 
and for some n > 0, G/Z,(G) contains a divisible normal subgroup H/Z,(G) 
such that G/H is strongly bounded and G/Co(H/Z,(G)) is jkite. If 
C ~utdG/W P is eriodic, then H = Z,,(G) and G/Z(G) is strongly bounded. 
PROPOSITION 2.2 [7, Proposition 2.61. Let K be a group with M < Z(K) 
such that KIM is strongly bounded. Then there exists an integer q with the 
following property: If 0 E Aut M and 8 = 1 + qn for some q E End M then 
tl=a), for some aECAutK (K/M). Here al,,, denotes the restriction of a 
to M. 
PROPOSITION 2.3 [7, Proposition 3.71. Let M be an abelian group and q 
an integer. Let A={OEAutM)O=l+q~ for some UEEndM}. Zf A is 
periodic and nilpotent-by-jkite then the torsion subgroup of M is bounded. 
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3. PROOF OF LEMMA 3.1 
Let G be a divisible-by-finite group with finite residual R, so that R is 
divisible and G/R is finite. Suppose that Ha G and set S = R n H. Note 
that Sa H and that H/S is finite. Let r denote the group of 
automorphisms of H induced by conjugation by elements of R, and let Sz 
denote the group of automorphisms of H induced by conjugation by 
elements of S. 
Since R is abelian, [r, S] = 1. Also [R, H] <R n H= S so 
[r, H/S] = 1. Hence Tb CAut H(S) n CA”, JH/S). It is well known (e.g., 
[lo, 2.8.71) that C,,,,(S) n C,,,,(H/S) is isomorphic to the group of 
I-cocycles Z’(G/S, S) under some isomorphism 8. Moreover, under this 
isomorphism 0, 52 corresponds to the group of 1-coboundaries B’(H/S, S). 
Therefore, r/Q is isomorphic to a subgroup of H’(H/S, S) z Z’(H/S, S)/ 
B’(H/S, S). However H’(H/S, S) is bounded (e.g., [lo, p. 210]), whereas 
T/sZ is divisible. It follows that r= Sz. 
Now 1;2 r S/C,(H) r SZ( H)/Z( H) is divisible and (H/Z(H) : SZ( H)/Z( H)( 
< CO. Hence H/Z(H) is divisible-by-finite. Furthermore, [R, Z(H)] = 
[r, Z(H)] = [Sz, Z(H)] = 1. The proof is complete. 
4. THE PROOF OF THEOREM A 
Throughout this section we shall let G be a group such that Aut G is a 
periodic divisible-by-finite group. We shall let R denote the finite residual 
of Aut G and Z= Z(G). The central quotient group, G/Z, will be denoted 
by Q and T(A) will denote the torsion subgroup of an abelian group A. 
PROPOSITION 4.1. G/Z,(G) is finite and Q is strongly bounded. 
Proof: Since Inn G z Q is a normal subgroup of the divisible-by-finite 
group Aut G, it follows from Lemma 3.1 that Q/Z(Q) z G/Z,(G) is 
divisible-by-finite. Proposition 2.1 now applies, with n = 2, and implies that 
G/Z,(G) is finite and that G/Z= Q is strongly bounded. 
The following useful corollary results. 
COROLLARY 4.2. [R, Q] = 1 = [R, G’]. 
ProoJ Recall that Q % Inn G 4 Aut G, where Aut G is divisible-by- 
finite. Since R is the finite residual of Aut G, Lemma 3.1 implies that 
CR Z(Q)1 = 1. 
NOW Q/Z(Q) g G/Z,(G) is finite, by Proposition 4.1, and the divisible 
group R acts on Q/Z(Q). It follows that R acts trivially on Q/Z(Q). 
If r denotes the group of automorphisms of Q induced by R then 
rG &t e(w)) n &t Q &?/z(Q)) so that r< Hom(Q/Z(Q), Z(Q)). 
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However, r is divisible, whereas Hom(Q/Z(Q), Z(Q)) is bounded. It 
follows that r= 1 so [R, Q] = 1, as required. Since R acts trivially on 
Q = G/Z it is clear that [R, G’] = 1. 
Our next result shows that the torsion subgroup of Z is very restricted. 
PROPOSITION 4.3. T(Z) is bounded. 
Proof. Recall from Proposition 4.1, that Q is strongly bounded. 
Therefore Proposition 2.2 implies the existence of an integer q such that 
each element of A = (0~ Aut(Z) 18 = 1 + 41, q E End Z} extends to an 
automorphism of G. It follows that A is a periodic abelian-by-finite group 
so T(Z) is bounded by Proposition 2.3. 
In the following proposition we view Hom(G/Z, Z) as a normal sub- 
group of Aut G in the usual way. 
PROPOSITION 4.4. [Hom(G/Z, Z), R] = 1. 
Proof. Let H = Hom(G/Z, Z). Since R is divisible and H/H n R is 
finite, we have [H/H n R, R] = [H n R, R] = 1. If r denotes the group of 
automorphisms of H induced by R, then f < Hom(H/H n R, H n R). Thus 
r is a divisible subgroup of a bounded group so that r= 1, as required. 
We have already shown that R acts trivially on G/Z= Q, G’, and 
Hom(G/Z, Z). Our aim is to show that R acts trivially on T(Z) and 
G/T(Z), from which R = 1 follows easily. 
If A is an abelian group, p a prime, and k a natural number we shall 
write A[#] for the characteristic subgroup of A consisting of p-elements 
of order at most pk and A, for the Sylow p-subgroup of A. Also II(A) 
denotes the set of primes dividing the orders of the elements of T(A). 
We next record a technical result, similar to [5, p. 19, Exercise 18a]. 
LEMMA 4.5. Let A be an abelian p-group with X< A. Then there exists 
a pure subgroup B of A such that 
(i) XQBgA 
(ii) BCPI = X[PI. 
Proof: Zorn’s lemma implies the existence of a subgroup B maximal 
subject to (i) and (ii) and it is easy to establish that B is pure in A. 
PROPOSITION 4.6. For each prime p, [R, Z[p]] = 1. 
Proof. Suppose first that ~EX(Q,~) and Z[p] # 1. Let I= 
(Im 8 10 E Hom(Q, Z)), a subgroup of Z. It follows from Corollary 4.2 
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and Proposition 4.4 that [R, Z] = 1. Now Q is strongly bounded so (QiIh)p 
is a direct sum of cyclic groups (see [3, Theorem 17.21). Likewise, Z, is a 
direct sum of cyclic groups by Proposition 4.3. Thus if x~Z[p], there 
exists 6~ Hom(Q, Z) such that XE Im 0 and the fact that [R, I] = 1 implies 
the result in this case. 
Suppose now that p$ rr(Qab). By Lemma 4.5, there exists a pure sub- 
group B of Z, satisfying 
(i) Z,nG’<B<Z,, 
(ii) BCPI = (Z, n Wbl. 
Since Z, is bounded, if follows that Z, = A 0 B for some A 6 Zp (see 
[3, Corollary 27.5-J). Clearly 2, n BG’ = B and in particular A n BG’ = 1. 
Write “bars” for groups modulo BG’. By hypothesis Qllb % G/ZG’ is a p’- 
group. Also ZG’/Z,G’ r Z/Z,(Z n G’) is a p’-group since G’ is locally finite 
by [8, p. 102, Corollary]. Hence A E Syl,G and since A is bounded, there 
exists K&G such that G=A@R Also AnK<AnBG’=l so G=AxK, 
since A is central. Now A is a direct sum of cyclic p-groups and Aut G is 
periodic, so it follows that A is finite. 
Recall from Corollary 4.2 that R acts trivially on G’ so it also acts 
trivially on B[p] = (Z, n G’)[p]. Hence there is an induced action of the 
divisible group R on the finite group Z[p]/B[p] r A[p]. Therefore R acts 
trivially on Z[p]/B[p] and, since Hom(A[p], B[p]) is bounded, R acts 
trivially on Z[p] in this case also, which completes the proof. 
The following result is well known (e.g., [3, p. 259, Vol. II]). 
PROPOSITION 4.7. If A is an abelian p-group of exponent p” and if 
T<C Aut .(A[p]), then r stabilizes the series 0 < A[p] < ACp’] < . . . < 
A[p”] = A. 
COROLLARY 4.8. [R, T(Z)]= 1. 
Proof: For the prime p suppose that Z, has exponent p”. Let r denote 
the group of automorphisms of Z,, induced by R. By Propositions 4.6 and 
4.7, r stabilizes the series 
0 < ZJp] < Z,[p2] -c . . . < z&q = z,. 
Supposeinductivelythat [I’,Z,[p”-‘]I= l.Thenr’,<Hom(Z,lZ,[p”-‘1, 
Z,[p”- ’ ] ), where this latter group is bounded. Since r is divisible, r= 1 
and [R, Z,] = 1. The result follows. 
Let T(G) denote the torsion subgroup of G and note that G/T(G) is 
torsion-free abelian. If R acts non-trivially on G/T(G), then results of Hallet 
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and Hirsch [4] imply that G/T(G) has automorphisms of infinite order. 
Using well-known techniques introduced in [9] (see also [2, 61) it is 
possible to show that these automorphisms of G/T(G) extend to 
automorphisms of G, which necessarily have infinite order. This contra- 
diction implies that R acts trivially on G/T(G). More formally we state 
PROPOSITION 4.9. Let T(G) denote the torsion subgroup of G. Then 
[R, G/T(G)] = 1. 
The proof is identical to that of [6, Lemma 3.71, given Corollary 4.2 
above. 
PROPOSITION 4.10. [R, G/T(Z)] = 1. 
Proof. Combining Corollary 4.2 and Proposition 4.9 yields [R, G] 6 
T(G) n Z = T(Z) and the result follows. 
Theorem A now follows easily from Proposition 4.10 and Corollary 4.8, 
since these imply that 
R<C Aut G(W(Z)) n CAut G(W2) z Hom(G/WL TV)). 
However, Hom(G/T(Z), T(Z)) is bounded, whereas R is divisible. We 
conclude that R = 1 which completes the proof of Theorem A. 
5. EXAMPLES 
In [2, Section 21 we gave some examples of abelian groups with divisible 
automorphism groups. Clearly then Theorem A does not hold when we 
omit the periodicity requirement. In this section we give two constructions 
which yield nilpotent groups of class 2 that have infinite divisible-by-finite 
automorphism groups. 
Our first construction shows that it is relatively easy to construct groups 
G such that Aut G is (torsion-free divisibly)-by-finite. Indeed, for certain 
large cardinals m we construct 2” non-isomorphic torsion-free nilpotent 
groups of class 2 and cardinality m such that Aut G is (torsion-free 
divisible)-by-finite. 
It seems to be more difficult to construct groups that have (mixed 
divisible)-by-finite automorphism groups. However, our second construc- 
tion produces 2’O non-isomorphic, countable nilpotent groups of class 2 
with (mixed divisible)-by-finite automorphism groups. 
It is worth mentioning that both our constructions yield groups G such 
that the (divisible) finite residual of G is isomorphic to Hom(G/Z(G), 
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Z(G)). Any nilpotent group of class 2 with Hom(G/Z(G), Z(G)) divisible 
has an automorphism which acts as inversion on G/Z(G) [2, Lemma 5.41. 
EXAMPLE 1. Let KJZ be any infinite cardinal less than the first strongly 
inaccessible cardinal (see [3, Vol. II, Sect. 891. It follows from [3, Theorem 
89.2 and Exercise 1, p. 133, Vol. II] that there exists a set & consisting of 
2” torsion-free abelian groups satisfying 
(i) [A( =M, for all AE& 
(ii) Hom(A, B) = 0 if A #B, for all A, BE d 
(iii) Aut A z C, for all A E&. 
Let A and B be distinct elements of d and set Q = A 0 B. Conditions (ii) 
and (iii) ensure that Aut Q z C2 x C,. Let M(Q) denote the Schur multi- 
plier of Q. Then M(Q) g M(A) 0 M(B) 0 (A 0 B) by [ 1, p. 1091. Since A 
and B are torsion-free, so is K= A @B (see [3, Vol. I, p. 2601). It follows 
that the divisible hull, D, of K (see [3, Vol. I, p. 1073) is also torsion-free. 
We regard D as a trivial Q-module and observe that the Universal 
Coefficients Theorem and the fact that Ext(Q, D) = 0 together imply that 
H2( Q, D) z Hom(M(Q), D). 
Since K is a homomorphic image of M(Q) it follows from [ 11, Chap. 53 
that there exists a nilpotent group G of class 2 such that D <Z(G), G’ = K 
and G/D z Q. It is clear that A and B are reduced, so that D is the unique 
maximal divisible subgroup of G and is therefore a characteristic subgroup 
of G. 
Let X=Aut G and C,(G/D). Our choice of A and B shows that 
Aut (G/D) z Aut (A 0 B) is finite so that X/C is finite. Furthermore, since 
G is nilpotent of class 2 and K,< G’ we deduce that C acts trivially on K. 
However, each automorphism of K extends uniquely to an automorphism 
of its divisble hull D [3, Vol. II, p. 2541 so C acts trivially on D, too. 
Therefore C acts trivially on both G/D and D and we conclude that 
Cz Hom(G/D, D), a torsion-free divisible group. Hence Aut G = X is 
(torsion-free divisible)-by-finite, as required. 
EXAMPLE 2. To begin the construction let {pi}isH be a set of distinct 
primes indexed by Z and for each i E Z define 
Ai= (u~,~+,, ai,i+2,...)1 =ari+,, aFj+, =ai,i forj>i) 
so that A,zCpp. Let A=DriEz Ai, the (restricted) direct product of the 
groups Ai and define 
G= (A, . . . . x-,, x0,x1, . . . ) [A, xi] = 1 for all ie Z, [Xi, xi] = u,~ for i < j). 
Clearly G is a class 2 nilpotent group and A = G’ = Z(G). Also G/A is 
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free abelian, freely generated by the elements Xi = xi A and A is the torsion 
subgroup of G. Furthermore, every subgroup of A is characteristic in G. It 
is also clear that 
CXj, Gl = Aj 0 (aj,j> 
icj 
so that [xi, G] n Ai= (aizj) is a Sylow pi-subgroup of [xi, G]. Note also 
that (u,,~) has order pi-’ for all j> i. 
Claim 1. If LX E Aut G, then x7 - xF1 (mod A) for each j E Z. 
Recall that each subgroup of A is characteristic in G. In particular, 
[XT, Gl = CXj, Gl =Aj 0 (Ui,j> (*) 
icj 
for all j E Z. 
Suppose that XT = ax:, . . . xz,, where aEA,kl<kZ< ... <k, and .q#O 
for i = 1, . . . . r. For each n > k, we have 
where each ski, n has order pt,- kt. Thus if n is chosen sufficiently large there 
results a contradiction to (*) unless r = 1 and k, =j. Hence x7 = ax;’ and 
certainly si = + 1 which establishes Claim 1. 
Claim 2. If r E Aut G, then either r acts trivially or G/A or c( acts as 
inversion on G/A. 
Suppose the contrary. Then there exists k E Z such that modulo A, 
where E = f 1. We shall assume that E = 1; the case c = - 1 can be handled 
similarly. 
On the other hand, 
tak 2, kJa = Lx: 2, x;l=[Xk-2,Xkl=ak-2.k. 
This is a contradiction, since ak 2,k has order pi- 2 > 2. Claim 2 is now 
proved. 
424 DIXON AND EVANS 
Claim 3. Aut G acts trivially on A and as a cyclic group of order 2 on 
G/A in which the non-trivial automorphism of G/A is the inversion 
automorphism. It follows immediately from Claim 2 that [xi, x,1’= 
[x,, x,] for all i, jE Z and a E Aut G. Hence Aut G acts trivially on A = G’. 
Also by Claim 2, Aut G acts as inversion on G/A, since the map defined by 
aa = a for all a E A and x7 = x;’ for all i E Z actually is an automorphism 
of G. 
Finally we have Hom(G/A, A) + Aut G -% Aut A x Aut (G/A), where 
im 0 g C2. Now A is periodic divisible and G/A is free abelian of infinite 
rank, so Hom(G/A, A) is a normal mixed divisible subgroup of Aut G. 
Therefore Aut G is (mixed divisible)-by-finite, as required. We remark that 
it is easy to see that Aut GE Hom(G/A, A) M C,, where the non-trivial 
element of C2 acts as inversion on Hom(G/A, A). 
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